
SOME NOTES ON A VARIATIONAL PROBLEM

D.H.J. POLYMATH

Let 1{4 ¤ ε ¤ 1{2. All variables x, y, z are assumed to be non-negative by default.

Let M � M̂2
3,ε,1 be the best constant for which one has the inequality

3

» »
x�y¤1�ε

p

»
F px, y, zq dzq2 dxdy ¤ M

»
R

F px, y, zq2 dxdydz (0.1)

whenever F is supported on R :� tpx, y, zq : x� y � z ¤ 3{2u, is symmetric, and obeys
the vanishing marginal condition

»
F px, y, zq dz � 0 whenever x� y ¥ 1 � ε. (0.2)

Proposition 0.1 (Adjoint formulation). M is also the best constant for which one has
the inequality

»
R

pGpx, yq �Gpy, zq �Gpx, zqq2 dxdydz ¤ 3M

» »
x�y¤1�ε

Gpx, yq2 dxdy (0.3)

whenever G is symmetric, supported on tpx, yq : x�y ¤ 1�εuYtpx, yq : 1�ε ¤ x�y ¤
3{2u, and the function F px, y, zq :� Gpx, yq � Gpy, zq � Gpx, zq obeys the vanishing
marginal condition (0.2).

Proof. Let us first show that if M is such that (0.1) holds, then (0.3) also holds. Let
G be as in (0.3), and set F px, y, zq :� Gpx, yq �Gpy, zq �Gpx, zq. Then by symmetry,
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Fubini, (0.2), the support of G, Cauchy-Schwarz, and (0.1), one has

»
R

pGpx, yq�Gpy, zq �Gpx, zqq2 dxdydz

�

»
R

pGpx, yq �Gpy, zq �Gpx, zqqF px, y, zq dxdydz

� 3

»
R

Gpx, yqF px, y, zq dxdydz

� 3

»
x�y¤3{2

Gpx, yqp

»
F px, y, zq dzqdxdy

� 3

»
x�y¤1�ε

Gpx, yqp

»
F px, y, zq dzqdxdy

� 3

»
x�y¤1�ε

Gpx, yqp

»
F px, y, zq dzqdxdy

¤ p3

»
x�y¤1�ε

Gpx, yq2 dxdyq1{2p3

»
x�y¤1�ε

p

»
F px, y, zq dzq2 dxdyq1{2

¤ p3

»
x�y¤1�ε

Gpx, yq2 dxdyq1{2pM

»
R

F px, y, zq2 dxdydzq1{2

� p3

»
x�y¤1�ε

Gpx, yq2 dxdyq1{2pM

»
R

pGpx, yq �Gpy, zq �Gpx, zqq2 dxdydzq1{2,

and (0.3) follows.
Conversely, suppose that M is such that (0.3) holds; we now show (0.1). Let F be as in

(0.1), and let G0 be defined by setting G0px, yq :�
³
F px, y, zq dz when x�y ¤ 1�ε, and

G0px, yq � 0 otherwise. Let G1 be a symmetric function supported on t1� ε ¤ x� y ¤
3{2u to be chosen later, and set G :� G0�G1 and F̃ px, y, zq :� Gpx, yq�Gpy, zq�Gpx, zq.
We can choose G1 so that the function F̃ obeys the vanishing marginal condition (0.2);
indeed, in the symmetric functions in L2pRq, one may verify that the class of F obeying
(0.2) is nothing other than the orthogonal complement of the functions of the form
G1px, yq�G1py, zq�G1px, zq with G1 symmetric and supported on t1�ε ¤ x�y ¤ 3{2u.
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By (0.2), symmetry, Cauchy-Schwarz, and (0.3) one has

3

» »
x�y¤1�ε

p

»
F px, y, zq dzq2 dxdy

� 3

» »
x�y¤1�ε

p

»
F px, y, zq dzqG0px, yq dxdy

� 3

»
R

F px, y, zqG0px, yq dxdydz

� 3

»
R

F px, y, zqGpx, yq dxdydz

�

»
R

F px, y, zqpGpx, yq �Gpy, zq �Gpx, zqq dxdydz

¤ p

»
R

F px, y, zq2 dxdydzq1{2p

»
R

pGpx, yq �Gpy, zq �Gpx, zq2 dxdydzq1{2

¤ p

»
R

F px, y, zq2 dxdydzq1{2p3M

»
x�y¤1�ε

Gpx, yq2 dxdyq1{2

� p

»
R

F px, y, zq2 dxdydzq1{2p3M

»
x�y¤1�ε

p

»
F px, y, zq dzq2 dxdyq1{2

and (0.1) follows. �

We can simplify the left-hand side of (0.3) further, using the vanishing marginal
condition (0.2). Introduce the inner product

xG,G1y :�

»
R

pGpx, yq �Gpy, zq �Gpx, zqqpG1px, yq �G1py, zq �G1px, zqq dxdydz

then the left-hand side of (0.3) is

xG,Gy � xG,G1y � xG,G0y.

On the other hand, the vanishing marginal condition (0.2) tells us that xG,G1y � 0.
Thus

xG,Gy � xG,G0y.

We thus see that

M � sup
xG,G0y

3
³ ³

G2
0 dxdy

whenever G0, G1 are symmetric and supported on tx�y ¤ 1�εu and t1�ε ¤ x�y ¤ 3{2u
respectively, and the function

F px, y, zq � Gpx, yq �Gpy, zq �Gpx, zq

with G � G0 �G1 obeys (0.2).
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We simplify things further. Observe that

xG,G0y �

»
R

pGpx, yq �Gpy, zq �Gpx, zqqpG0px, yq �G0py, zq �G0px, zqq dxdydz

� 3

»
R

pGpx, yq �Gpy, zq �Gpz, xqqG0px, yq dxdydz

� 3

»
R

G0px, yq
2 dxdydz � 6

»
R

Gpx, zqG0px, yq dxdydz

� 3

»
x�y¤1�ε

G0px, yq
2p3{2 � x� yq dxdy � 6

»
x�y¤1�ε

G0px, yqp

» 3{2�x�y

0

Gpx, zq dzqdxdy

� 3

»
x�y¤1�ε

G0px, yq
2p3{2 � x� yq dxdy � 6

»
x�y¤1�ε

G0px, yqp

» 1�ε�x

0

G0px, zq dzqdxdy

� 6

»
x�y¤1�ε;y¤1{2�ε

G0px, yqp

» 3{2�x�y

1�ε�x

G1pz, xq dzqdxdy

� 3

»
x�y¤1�ε

G0px, yq
2p3{2 � x� yq dxdy � 6

»
x¤1�ε

p

» 1�ε�x

0

G0px, yq dyq
2dx

� 6

»
1�ε¤x�z¤3{2

G1px, zqp

»
y¤3{2�x�z

G0px, yq dyq dxdz.

Here we use that ε ¥ 1{4 to ensure that 1� ε�x ¤ 3{2�x� y whenever x� y ¤ 1� ε.
Thus

M � sup
J

I
where

J :�

»
x�y¤1�ε

G0px, yq
2p3{2 � x� yq dxdy � 2

»
x¤1�ε

p

» 1�ε�x

0

G0px, yq dyq
2dx

� 2

»
1�ε¤x�z¤3{2

G1px, zqp

»
y¤3{2�x�z

G0px, yq dyq dxdz

and

I :�

» »
G2

0 dxdy.

Now we work on G1. From (0.2) we see that
» 3{2�x�y

0

Gpx, yq �Gpz, yq �Gpx, zq dz � 0

whenever x� y ¥ 1 � ε, thus

G1px, yqp3{2 � x� yq �

» 3{2�x�y

0

Gpz, yq dz �

» 3{2�x�y

0

Gpx, zq dz � 0. (0.4)

At this point, we set ε � 1{4, and introduce the large triangular region

A :� tx� y ¤ 3{4u
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(that G0 is supported on), and the smaller triangular and trapezoidal regions

B :� tx� y ¤ 3{2; y ¥ 5{4u

C :� tx� y ¥ 5{4; y ¤ 5{4;x ¤ 1{4u

D :� t5{4 ¤ x� y ¤ 3{2;x ¥ 1{4; y ¥ 3{4u

E :� tx� y ¥ 5{4;x, y ¤ 3{4u

which cover a bit more than half of the support of G1. Let G1,B, G1,C , G1,D, G1,E be the
restrictions of G1 to B,C,D,E respectively; we assume these to be polynomial, as we
do with G0. We also introduce the average

Hpx,wq :�
1

w

» w

0

G0px, yq dy (0.5)

of G0; note that H is still a polynomial on A if G0 is, although H is no longer symmetric.
The vanishing moment condition (0.4) then becomes

p3{2�x�yqG1,Bpx, yq�

» 3{2�x�y

0

G1,Bpz, yq dz�p3{2�x�yqHpx, 3{2�x�yq � 0 (0.6)

on B,

p3{2�x�yqG1,Cpx, yq�

» 3{2�x�y

5{4�y

G1,Cpz, yq dz�p3{2�x�yqHpx, 3{2�x�yq � 0 (0.7)

on C,

p3{2 � x� yqG1,Dpx, yq � 0 � p3{2 � x� yqHpx, 3{2 � x� yq � 0 (0.8)

on D, and

p3{2�x�yqG1,Epx, yq�p3{2�x�yqHpy, 3{4�yq�p3{2�x�yqHpx, 3{4�xq � 0 (0.9)

on E. Thus we have exact formulae

G1,Dpx, yq � �Hpx, 3{2 � x� yq (0.10)

and

G1,Epx, yq � �Hpy, 3{4 � yq �Hpx, 3{4 � xq (0.11)

on D,E respectively, and linear constraints connecting the coefficients of G1,B, G1,C

with the coefficients of H (which are defined in terms of G0).
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We then have

J �

»
x�y¤3{4

G0px, yq
2p3{2 � x� yq dxdy

� 2

»
x¤3{4

p

» 3{4�x

0

G0px, yq dyq
2dx

� 2

»
B

G1,Bpx, zqp3{2 � x� zqHpx, 3{2 � x� zq dxdz

� 2

»
C

G1,Cpx, zqp3{2 � x� zqHpx, 3{2 � x� zq dxdz

� 2

»
D

G1,Dpx, zqp3{2 � x� zqHpx, 3{2 � x� zq dxdz

� 2

»
E

G1,Epx, zqp3{4 � xqHpx, 3{4 � xq dxdz

and

I �

»
x�y¤3{4

G0px, yq
2 dxdy.

We thus have

M � sup
J

I
where G0, G1,B, G1,C range over all polynomials of two variables obeying the constraints
(0.6), (0.7), where H,G1,D, G1,E are defined by (0.5), (0.10), (0.11), with G0 symmetric.
If we make G0, G1,B, G1,C be of degree up to D, then there are about 5D2{2 degrees of
freedom with 2D2 constraints.

http://michaelnielsen.org/polymath1/index.php


